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INTRODUCTION AND MOTIVATION

Let F' be some m x m positive definite matrix with
integer entries and even diagonal.

Definition 1. The representation number [2] of g € N by F
is defined as the number of ways to represent g by F:

rp(g)::#{xezm:thx:g} (1)

We might ask whether we can find some formulae for
calculating these numbers. We can use a type of modu-
lar form called a theta series to answer this question.

Definition 2. The Theta series associated with F is:

Op(r):=Y eI =N rp(g)g? 2
g=0

xezZm

On the right we have let ¢ = ¢*™7 and rearranged the
series to find that its Fourier coefficients are the
representation numbers (1). We can then find bounds or
explicit formulae for the 7 (g) by applying results from
the theory of modular forms.

A natural question to ask is whether we can find some
automorphic forms with the following, more general,
representation numbers as Fourier coefficients:

Definition 3. Let G € M, (Z), F as defined above. The
representation number [1] of G by F is:

rp(G): = #{x € Myxn(2): "2 Fa = G} )

Siegel Modular Forms provide us with an answer to this
kquestion.

DEFINITIONS

We will define a number of notions [4] which will
provide the setting for Siegel Modular Forms. Setting
n = 1 below gives the case of classical modular forms.

Definition 4.

e Siegel’s half-space
Hoo={z=x+iy:2 € M,,(C),z = "2,y > 0}
where y > 0 here means that y is positive definite.
* The Symplectic Group

Sp(n,R): = {y € GL(2n,R): "vjy = j}

. Onxn loxn a b
Whﬂf]:: (_1nxn Onxn)/wuz (C d>
with a,b,c,d € M,,(R)

* The group action (z): = (az + b)(cz + d)~*

® The modular group I',,: = Sp(n, Z)

» Congruence subgroups of I, of level q

T (g): = {(‘;‘ Z) € Sp(n, 2): ¢ = 0 mod q}

SIEGEL MODULAR FORMS AND THETA SERIES

ALISTAIR SEVERN
SUPERVISED BY ATHANASIOS BOUGANIS

VISUALISING SIEGEL’S HALF-SPACE OF DEGREE 2: H

Visualising H,, can be challenging. Setting n = 1 just
gives the complex upper half-plane. The first non-trivial
case is n = 2. Points in Hy can be written as:

22(331 $2)+i(yl ZJQ) (4)
To T3 Y2 Y3

where we also impose the conditions y; > 0 and
y1y3—y5 > 0 which follow from y being positive definite.
We see that the real part with coordinates (z1, z2, x3) can
be viewed as a copy of R®, whilst the imaginary part
with coordinates (y1,y2,y3) can be viewed as a ‘cone’
sitting in a separate copy of R®.

Essentially, Hy can be viewed as R3 with the cone in the
figure ‘attached’ at every point to give a space with 6
\fotal real dimensions. This notion is generalisable to H,,.

Figure 1: The boundary of the imaginary part of H

SIEGEL MODULAR FORMS

We are now able to define Siegel Modular Forms. Our
definition [2] will be more general than those found
in common textbooks [4] to account for the fact that
we will need to consider congruence subgroups for the
study of Theta series.

Definition 5. A Siegel Modular Form [2][4] of degree n,
weight k and level q is a function f:H,, — C such that:

(i) f is holomorphic
(ii) f satisfies the transformation law:

F(r(2)) = x(v)det(cz + d)* f(2) (5)

forall v € T\ (q), z € H,,, where x(v) = x(det(d))
is some Dirichlet character modulo q.

(iii) f is holomorphic at all cusps of F(()”)(q). (Only when
n = 1, i.e. the classical case. Otherwise this follows
from (i) and (ii) by the Koecher principle) [4]

Remark 6. The Siegel Modular Forms of degree n, weight k,
level q and character x form a vector space over C. Thus, it
can be shown that many of the structure theory results from

Glassical modular forms can be extended to the Siegel case.

SIEGEL THETA SERIES

We will now investigate an important example of a
Siegel Modular Form - the generalised Theta series. We
define Theta series in analogy to the classical case (2).

Definition 7. The Theta series [1] of degree n associated
with F is

0% (2): =Y exp(mio('zFxz)) (6)

where

F € M,,(Z) is positive definite with even entries on
the diagonal.

o(A) denotes the trace of a matrix A.

* zisa point in Siegel’s half-space H,,.

e The summation runs over all matrices x € M, xn(Z).

Remark 8. By grouping terms with the same exponent we
see that the Fourier coefficients of this series are the
representation numbers:

rr(G) = #{x € Myun(2): "2 Fx = G} (7)

\where G € Myuxn(2)
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THETA SERIES ARE MODULAR FORMS

Andrianov and Maloletkin [1] proved the following
theorem:

Theorem 9.
0 (v(2)) = X\ (y)det(cz + d) 265 (2)  (8)

forall v € I‘é") (q), z € Hy,, where q is the level of the matrix
F and ng) () is some eighth root of unity.

Since our theta series (6) are clearly holomorphic, it

follows that the theta series ng) (z) is a Siegel

Modular Form of degree n, weight m/2 and level q.
Furthermore, Andrianov and Maloletkin determine the
character XE«?) (v) for even m. For odd m, not much is

known about the character.

Remark 10. Theta series being Siegel modular forms means
we may be able to apply known results to write Theta series in
terms of Eisenstein series. From this we could find a way to
write the representation numbers r(G) in terms of Fourier
coefficients of Eisenstein series, which are well understood.

We will now briefly discuss the strategy for proving the-
orem 9:

Proof.

1. Eichler [3] proved that a similar functional
equation to (8) holds for the “Theta Function”:

9p(2):= ) exp(mi'%iK),Z € H, )

xeZr

2. We represent the theta series 0}") (z) as the
value of the theta function 9,,,(Z) for a
suitable choice of of Z. [1]

3. Using tensor products, define z: = F' ® z. It can
be shown that Z € H,,,,,.

4. For x € M,,,x(Z) define x € Z™" as the
columns of z “stacked’ vertically into one long
column vector.

5. This allows us to show

OJ(_,?) (z) = Z exp(mio(z 'z Fx))
:EGMan(Z)
= Z exp (i "KER) = Upn(2)

6. Finally, weseta:=1,, ®a, b:=F®b,
G=F1l@candd:=1,,®d
to embed F(()n) (g) in the equivalent modular
group for the theta function. This then gives
the functional equation (8).




